We develop X-ray Multimodal Intrinsic-Speckle-Tracking (MIST), a form of X-ray speckle-tracking that is able to recover both the refractive index decrement and the small-angle X-ray scattering (SAXS) signal of a phase object. MIST is based on combining a Fokker-Planck description of paraxial X-ray optics, with an optical-flow formalism for X-ray speckle-tracking. Only two images need to be taken in the presence of the sample, in order to recover both the refractive and local-SAXS properties of the sample. Like the optical-flow X-ray method which it generalizes, the method implicitly rather than explicitly tracks speckles. Application to X-ray synchrotron data shows the method to be efficient, rapid and stable.
In two recent papers 1,2 a Fokker-Planck 3 formalism was developed for paraxial X-ray optics. The essence of this formalism is to use a two-current continuity equation to describe paraxial X-ray energy flow for illuminated samples containing both spatially resolved phaseamplitude fluctuations and unresolved random microstructure, which bifurcates energy transport into coherent and diffuse channels. The resulting elliptic secondorder partial differential equation may be viewed as a generalized form of Teague's transport-of-intensity equation for coherent paraxial optics 4 . This generalization simultaneously incorporates the additional effects of local incoherent scatter (small-angle X-ray scattering, SAXS 5 ), source-size blurring and detector-induced blurring 1, 2 . Such an approach to paraxial X-ray optics in its final formulation is somewhat similar to statistical dynamical diffraction theory (SDDT), developed in the 1980s and 1990s by Kato 6, 7 and further developed by others [8] [9] [10] , to describe dynamical and kinematical diffraction by deformed crystals having chaotically distributed defects. Later a similar statistical approach was applied by Nesterets 11 in the context of phase-contrast X-ray imaging (PCI) of non-crystalline objects. Further parallels include diffuse X-ray scattering from crystals 12 , the frozen phonon model of electron diffraction 13 , optical scattering from rough surfaces 14 and radiative transport in turbid media 15, 16 .
The smallness (or high concentration) of either crystal defects (in SDDT) or object features (in PCI) (here "smallness" is in comparison with the resolution of the detection system) requires one to apply a statistical approach via averaging over a statistical ensemble to dea) Electronic mail: konstantin.pavlov@canterbury.ac.nz scribe scattering by some "unresolvable" elements of such systems. Scattering by such "unresolvable" features transfers the propagating energy (intensity) from the coherent channel into the diffuse one (see also Chap 7.4 in the book by Ishimaru 17 ). In the context of PCI, the effect of the diffuse component is usually described in terms of broadening caused by SAXS 15, [18] [19] [20] [21] [22] [23] [24] . However, a division into coherent and diffuse components was also intrinsically used (see e.g., Eq. (1) in Oltulu et al. 25 ). This transfer of X-ray energy from coherent intensity into diffuse intensity may be comparable with photoelectric absorption loss of this coherent component if the concentration of such defects (in SDDT) 26 or features (in PCI) 11 is high. The diffuse component of intensity can be further re-scattered if the object is thick enough. However, such typically small dynamical effects are neglected for diffuse intensity 27 .
A separate but related thread of development is the field of X-ray speckle-tracking 28, 29 . In this X-ray imaging method, speckles produced by a spatially random screen are recorded in the presence of a sample. Comparison of these speckles to those recorded in the absence of the sample, for one or more mask positions, then allows the refractive, attenuating and local-SAXS properties of the sample to be inferred. See the recent review by Zdora 30 , together with precedent work in a visible-light context [31] [32] [33] . Note also the similarities to the X-ray Hartmann-Shack sensor 34 , but with random rather than regular masks. Multi-modal recovery of phase, intensity and SAXS is enjoying much attention in an X-ray speckle-tracking context, e.g. using the "X-ray Speckle-Vector Tracking" (XSVT) formalism 35 , and the formalism of "Unified Modulated Pattern Analysis" (UMPA) 36 . A third formalism, termed "Optical Flow" (OF) 37 , has very recently been developed, how- ever this last-mentioned approach has not been applied to multi-modal analyses. As mentioned earlier, XSVT and UMPA are multi-modal; the present paper makes OF multi-modal. OF is here made multi-modal via a Fokker-Planck-type generalization that incorporates local SAXS, not unlike passing from non-statistical to statistical diffraction theory. An attractive feature of the OF formalism is that it implicitly rather than explicitly tracks speckles, making it computationally much more rapid than methods that rely on correlation analyses and/or error-metric minimization.
Below, we outline the theory underpinning our technique, which we term "X-ray Multimodal Intrinsic-Speckle-Tracking (MIST)". We then apply this to experimental hard X-ray data obtained at the European Synchrotron Radiation Facility (ESRF).
Assume that a pure-phase-object sample is placed in a well-resolved reference speckle field, such as that sketched in Fig. 1 . The reference speckle field may be created by passing an X-ray beam through a spatially random membrane. The registered speckle images obey the following Fokker-Planck 3 generalization of the OF formalism for speckle-tracking 37 . This gives Eq. (55) in the paper by Paganin and Morgan 2 , which forms the starting-point for the present paper:
Here, I R (x, y) is a reference speckle image obtained in the absence of a sample, I S (x, y) is the corresponding speckle image obtained in the presence of a sample that is by assumption a pure-phase object, (x, y) denote transverse coordinates in planes perpendicular to the optical axis z, ∆ is the sample-to-detector distance, k is the X-ray wave number, φ is the phase shift caused by the sample, ∇ ⊥ ≡ (∂/∂x, ∂/∂y) is the transverse gradient and D eff is the effective diffusion coefficient describing local sampleinduced SAXS 1,2 . This diffusion coefficient, which is also termed a "dark-field" signal in much of the X-ray and neutron literature 21 , is assumed to be a slowly-varying function (i.e., we can neglect its derivatives, which are small). The first term on the right side of Eq. (1) corresponds to the coherently scattered intensity, while the second describes diffuse scattering (local SAXS) that is due to unresolved micro-structure in the sample. The Laplacian operator, applied to the second term on the right side of Eq. (1), yields three components:
We can neglect the second and third terms on the righthand side of Eq. (2) on account of the assumption that D eff (x, y; ∆) is a slowly-varying function. We can therefore simplify Eq. (1) as follows:
where we have also used the approximation previously employed in Pavlov et al. 38 , namely ∇ ⊥ I R (x, y) · ∇ ⊥ φ(x, y) ≈ 0. Here the intensity I R (x, y) of the reference speckle image, acquired in the absence of a sample, is produced by a spatially random mask. Therefore, the gradient of such an intensity field will be a vector field that is rapidly changing in both direction and magnitude, as a function of transverse coordinates. Thus, the scalar product of such a random vector field with a more slowly changing gradient of the phase can be neglected. Equation (3) contains two unknown functions, namely ∇ 2 ⊥ φ(x, y) and D eff (x, y; ∆), which can be recovered using two different transverse positions of the mask. Then we can write a system of simultaneous equations for mask positions #1 and #2 based on Eq. (3):
Here, I R1,2 (x, y) denotes the reference speckle images corresponding to random masks in positions #1 and #2, with I S1,2 (x, y) similarly defined. The above system of equations allows one to easily obtain the functions ∇ 2 ⊥ φ(x, y) and D eff (x, y; ∆):
, D eff (x, y; ∆) = 1 ∆ IS 1 (x,y)IR 2 (x,y)−IS 2 (x,y)IR 1 (x,y) IR 2 (x,y)∇ 2 ⊥ IR 1 (x,y)−IR 1 (x,y)∇ 2 ⊥ IR 2 (x,y) .
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As I R1 (x, y) and I R2 (x, y) are the intensities of a reference speckle image with the random mask in two different spatial positions, it is unlikely that the denominators in Eq. (5) will be close to zero. Therefore, the solutions given in Eq. (5) are well defined. Using boundary conditions for the phase shift, namely that the phase shift is zero outside the sample, one can reconstruct the phase shift from its Laplacian obtained in Eq. (5).
To illustrate the applicability of the method, experimental data were collected at ESRF beamline BM05, using a red currant sample. The setup corresponds to Fig. 1 . The sample was placed on a dedicated stage located 55 m from the source where hard X-ray photons were produced by synchrotron radiation from a 0.85 T dipole bending the trajectory of the 6.02 GeV electrons circulating through the storage ring. The Xray photon spectral bandwidth was further narrowed to ∆E/E ≈ 10 −4 and centered around energy E = 17 keV using a double crystal Si(111) monochromator located 27 m from the X-ray source. A piece of sandpaper with grit size P800 was fixed on piezo translation motors 0.5 m upstream of the sample and an imaging detector was placed at a distance ∆ = 1 m downstream. This detector consisted of a FReLoN (Fast Read-Out Low-Noise) e2V camera coupled to an optic imaging a thin scintillator 39, 40 . The effective pixel size of the optical system was 5.8 µm.
The two reference-speckle images were collected, in the absence of the sample, by transversely moving the piece of sandpaper to two defined positions of the speckle generator translation motors. Later the two images with the sample inserted into the beam were acquired while replacing the sandpaper at precisely the same transverse locations, thanks to the piezo technology of the motors. The images were then processed by running a Python3 code on a simple desktop machine. Figure 2 (a) shows the recovered phase, obtained by first taking the estimate for the phase Laplacian ∇ 2 ⊥ φ(x, y) that is given by the upper line of Eq. (5), and then integrating the result using a fast Fourier transform approach (see e.g. Gureyev and Nugent 41 ) to yield φ(x, y) up an arbitrary additive constant. Figure 2(b) shows the positive part of the dark-field signal, D eff (x, y; ∆), obtained using the lower line of Eq. (5). These obtained results are the first experimental implementation of the multimodal X-ray Fokker-Planck speckle-tracking approach due to Paganin and Morgan 2 . This variant of multimodal speckle-based X-ray imaging reconstruction takes only a few seconds, which is significantly faster than the XSVT and UMPA approaches. Nevertheless, the results shown in Fig. 2 approach well the results obtained from the same experimental data using such more sophisticated approaches (see e.g., Fig. 7 in the paper by Berujon and Ziegler 35 ).
Taking into account that the method, described in the present paper, is based on several strong assumptions, the obtained results may contain some artifacts. However, the results obtained by this fast deterministic approach can be used as a starting point for further refine- ment using more sophisticated (and general) correlationbased techniques, such as XSVT and UMPA. There is an evident trade-off here: XSVT and UMPA have the advantage of greater generality, which comes at the cost of requiring additional images and significantly longer computation times, while the method of the present paper has the advantage of requiring fewer images and having much more rapid computation times, at the cost of a reduced degree of generality.
In conclusion, we have developed a fast deterministic variant of X-ray Multimodal Intrinsic-Speckle-Tracking, which was validated using experimental data. The obtained reconstruction results for the object's refractive and SAXS properties are based on only two images of the sample acquired at different positions of the spatially random mask. These reconstructions are comparable to those obtained by computationally slower (multipleimage), albeit significantly more general, explicit tracking techniques.
